We systematically study the evolution of the Friedmann-Robertson-Walker (FRW) universe with a cosmological constant Λ and a perfect fluid that has the equation of state p = wρ, where p and ρ denote, respectively, the pressure and energy density of the fluid, and w is an arbitrary real constant. Depending on the specific values of w, Λ and the curvature k of the 3-dimensional spatial space of the universe, we classify all the solutions into various cases. In each case the main properties of the evolution are studied in detail, including the periods of deceleration and/or acceleration, and the existence of big bang, big crunch, and big rip singularities. In some particular cases, the solutions reduce to those considered in some standard textbooks, where by some typos may be corrected. The methods used is simply the conservation law of kinetic and potential energies in classical mechanics, and undergraduate students can easily follow the analysis and apply it to the studies of other cosmological models of the universe.
out so far [5] . However, when we consider its physical origin, we run into other severe problems: (a) Its theoretical expectation values exceed observational limits by 120 orders of magnitude [7] . (b) Its corresponding energy density is comparable with that of matter only recently. Otherwise, galaxies would have not been formed. Considering the fact that the energy density of matter depends on time, one has to explain why only now the two are in the same order. (c) Once the cosmological constant dominates the evolution of the universe, it dominates forever. An eternally accelerating universe seems not consistent with string/M-Theory, because it is endowed with a cosmological event horizon that prevents the construction of a conventional S-matrix describing particle interaction [8] . Other problems with an asymptotical de Sitter universe in the future were explored in [9] .
In view of all the above, dramatically different models have been proposed, including quintessence [10] , DGP branes [11] , and the f (R) models [12] . For details, see [3] and references therein. However, it is fair to say that so far no convincing model has been constructed.
To introduce such a fascinating subject to students, it is always challenging both physically and mathematically. In this paper, our purposes are two-fold: (i) By studying the concrete models of the FRW universe, we shall show that such a subject can be easily understood in terms of classical mechanics. The method is very basic, and undergraduate students with some knowledge of classical mechanics can easily follow. As a matter of fact, the only knowledge required is the conservation law of total energy of a classical particle with mass m moving under a potential V (x) [13] ,
whereẋ ≡ dx/dt and E is the total energy of the system, which is conserved without external force. Then, taking derivative of the above equation with respect to t, we find thatẍ
Thus, once the potential V (x) is known in terms of x, one can immediately tell if the particle is accelerating or decelerating, without integrating Eq.(1.1) explicitly. In addition, one can also easily determine the range of x that the motion allows. Therefore, if the problem of the evolution of the universe can be expressed in the above form, we can use the methods of classical mechanics to study its evolution, and classify all the possible models of the universe.
(ii) The second purpose of this paper is to correct some typos appearing in some standard textbooks. The rest of the paper is organized as follows: In Sec. II, we consider the Friedmann equation coupled with a cosmological constant and a perfect fluid with the equation of state p = wρ for any given curvature k. After writing it in the form of Eq.(1.1), we study the potential V (x) case by case, and deduce the main properties of each model of the universe. In Sec. III, we present our main conclusions.
It should be noted that classification of a (nonrelativistic) matter coupled with a dark energy was considered recently in [14] , and the corresponding Penrose diagrams were also presented.
In this paper, we shall use the notations and conventions defined in [15] .
II. CLASSIFICATION OF THE FRW UNIVERSE
The FRW universe is described by the metric [15] ,
1) in the spherically symmetric coordinates x a = {t, r, θ, φ} , (a = 0, 1, 2, 3), where k denotes the curvature of the three-dimensional spatial space of constant t, and can be set k = 0, ±1, without loss of generality. a(t) is the expansion factor of the universe. It should be noted that Eq.(2.1) is invariant under the translation,
where t s is a constant. In the following we shall use this gauge freedom to fix the origin of the timelike coordinate t. The expansion factor a(t) of the universe is determined through the Einstein field equations
where κ 2 [≡ 8πG/c 4 ] is the Einstein coupling constant, Λ denotes the cosmological constant, and T ab the energymomentum tensor of the matter field(s) filled in the universe. For a perfect fluid, we have 4) where u a = δ t a denotes the four-velocity of the fluid. It can be shown [15] that the Einstein field equations (2.3) for the metric (2.1) and energy-momentum tensor (2.4) , have only two independent components, which can be cast in the form, 6) where H ≡ȧ/a. Note that in writing the above equation, we had chosen units such that the speed of light is one.
On the other hand, the conservation law of matter fields, ∇ a T ab = 0, yieldsρ
It can be shown that this equation is not independent, and can be obtained from Eqs. (2.5) and (2.6) . Note that we have three unknowns, a, ρ and p, but only two independent equations. Thus, to close the system, we need to have one more equation. Usually, this is given by the equation of state of the matter field. In this paper, we shall consider the case where 8) where w is an arbitrary real constant. Inserting Eq.(2.8) into Eq.(2.7), we find that it allows to integrate once and gives, 9) where ρ 0 and a 0 are the integration constants. Since ρ 0 represents the energy density when a = a 0 , we shall assume that it is strictly positive ρ 0 > 0. Without loss of generality, we can always set a 0 = 1. Then, it can be shown that the Friedmann equation (2.5) can be cast in the form of Eq.(1.1) with m = 1, E = 0, x(t) = a(t), i.e., 10) where 11) with C ≡ 4πGρ 0 3 > 0. (2.12) When w = 0 the problem reduces to the one treated in [15] . To study the problem further, we consider the cases k = 0, ±1 separately.
When k = 0, Eq.(2.11) reduces to
It is found convenient to consider the cases where Λ > 0, Λ = 0 and Λ < 0 separately.
When Λ > 0, Eq.(2.13) can be written as 14) whereC ≡ 6C/|Λ| > 0. It is found that, depending on the value of w, the evolution of the university can be significantly different. Thus, we shall further distinguish the following sub-cases:
: Then, we find that V (a) is strictly negative, and V (a) → −∞ for both a = 0 and a → ∞. It also has a maximum at a = a m ≡ (3 (1 + 3w) C/Λ) 1/(3(1+w)) , for whicḧ
(2.16) Fig. 1 schematically shows the potential. Therefore, in this case, the evolution of the universe is dominated by matter in the early time and a(t) scales like a(t) ∝ t 2/[3(1+w)] , for whichä < 0. As the universe expands to a = a m , it researches the turning point, after which it starts to expand acceleratingly, i.e.,ä(a > a m ) > 0. The universe is asymptotically de Sitter, a(t) ∝ e √ Λ/3t . Case A.1.2) w = − 1 3 : In this case, we find
The middle line of Fig. 1 is the potential for this case. Thus, in this case the universe is always accelerating except for the initial moment a = 0. On the other hand, from Eq.(2.9) we find that ρ ∝ a −2 → ∞ as a → 0, that is, a big bang singularity still occurs at a = 0. Case A.1.3) −1 < w < − 1 3 : In this case, we find that the potential is that given by Fig. 1 , and (2.18) where the equality holds only at a = 0 for w = −2/3. Thus, in this case the universe is always accelerating. Note that in the present case a = 0 still represents a big bang singularity, as can be seen from Eq.(2.9). It is also interesting to note that at a = 0 we haveȧ =ä = 0, except for w = −2/3. Thus, when w = −2/3 the point a = 0 is a stationary point. However, it is not stable, and any perturbations will make the universe to expand. When w = −2/3 we haveȧ(a = 0) = 0 andä(a = 0) = (3|w| − 1) C > 0. Therefore, in the latter case a = 0 is not stationary, and the positive force will lead the universe automatically to expand. Case A.1.4) w = −1: In this case, the matter acts as a vacuum energy, and the potential is given by
where Λ ef f ≡ Λ+6C. Therefore, in this case the universe is de Sitter, and 2.20) Recall that the de Sitter space is free of any kind spacetime singularities at a = 0 as well as at a = ∞ [15] . Case A.1.5) w < −1: In this case, the behavior of the potential V (a) and a(t) are similar to the case −1 < w < −1/3, except for the fact that now ρ ∝ a 3(|w|−1) is not singular at a = 0, although it is at a = ∞, which is usually called a big rip singularity. At a = 0 we have 
The expansion factor a(t), the accelerationä(t), and the energy density ρ(t) for k = 0 and Λ > 0. The spacetime has a big bang singularity at t = 0 for w > −1. It is de Sitter for w = −1, which is free of any kind of spacetime singularities. When w < −1, a big rip singularity occurs at t = ts, at which we have a (ts) = ∞ = ρ (ts).
a =ä = 0, that is, in this case this point also represents a unstable stationary point. Finally, we note that for all the cases with k = 0 the corresponding Friedmann equation can be integrated explicitly, and the correspond solutions are given by,
, (2.21) for w = −1, where t s is given by
so that a(t = t 0 ) = 1. For w > −1, without loss of generality, we can always use the gauge freedom of Eq.(2.2) to set t s = 0, so that the big bang singularity occurs at t = 0. This will be the case in the rest of this paper. When w = −1, the solution is that of de Sitter, given by Eq.(2.20), which is free of any kind of spacetime singularities, and the solution is valid for any t, that is, t ∈ (−∞, ∞). For the cases where w < −1, we shall not do such a translation, so that the big rip singularity happens exactly at t = t s . Note that when w < −1, from Eq.(2.21) we find that the solution is valid only when t ∈ (−∞, t s ), for which we have
Since now we have ρ ∝ a 3(|w|−1) we find that the spacetime is indeed not singular at a(t = −∞) = 0, but singular at a(t = t s ) = ∞.
In Fig. 2 we summarize the main properties of the solutions for k = 0 and Λ > 0 with different w.
The potential given by Eq.(2.14) for k = 0 and Λ = 0.
Λ = 0
In this case, we have
(2.24) Fig. 3 shows the potential V (a). Similar to the last case, now we can also integrate the Friedmann equation (2.5) to obtain the explicit solutions of a(t) and ρ(t),
25) Eq.(2.25) shows that, to keep a(t) real and positive, we must require t ∈ (−∞, t s ). As t → −∞, both a(t) and ρ(t) vanish, while when t → t s all of them become unbounded, that is, a big rip singularity is developed there.
In Fig. 4 we summarize the main properties of the solutions for k = 0 and Λ = 0 with different values of w. The expansion factor a(t), the accelerationä(t), and the energy density ρ(t) for k = 0 and Λ = 0. There is a big bang singularity at a = 0 for all the cases with w > −1. The spacetime is de Sitter for w = −1. When w < −1, a big rip singularity is developed at t = ts, at which we have a (ts) = ρ (ts) = ∞.
Λ < 0
In this case, we have 27) which has been shown in Fig. 5 for various values of w.
It can also be shown that the corresponding expansion factor and the energy density are given, respectively, by
for w = −1, and
for w = −1, where Λ ef f = |Λ| − 6C > 0, but now with
As what we did in the previous cases, using the gauge freedom (2.2) we shall set t s = 0 for w < −1, while keep it as it is for w ≤ −1.
Case A.3.1) w > − 1 3 : In this case, as shown in Fig.  5 , we have V (a > a m ) > 0, so the motion of a > a m is forbidden. If the universe starts to expand from the big bang where a = 0, when it expands to its maximal radius a m it will starts to collapse until a big crunch singularity is developed at t = 2t m , as shown in Figs. 5 and 6, where a m = a (t m ), and is given by During the whole process, the universe is always decelerating,ä 
Therefore, similar to the last case, the universe expands from the big bang singularity at a = 0 until its maximal radius a m , given by Eq.(2.31) with w = −1/3, and then starts to collapse until a big crunch singularity is formed at t = 2t m . Case A.3.3) −1 < w < − , and the motion is also restricted to a ≤ a m . However, there is a fundamental difference between this case and the last two cases: The potential V (a) has a minimum at a = a min , at which we have dV (a min ) /da = 0. The universe is initially accelerating. But, when it expands to a = a min , it starts to decelerate until a = a m , at which its expanding velocity becomes zero, and afterwards it will starts to collapse, until a big crunch singularity is developed at a = 0, as shown in Fig. 6 . Case A.3.4) w = −1: In this case, we have 
The expansion factor a(t), the accelerationä(t), and the energy density ρ(t) for k = 0 and Λ < 0. The spacetime is singular at a = 0 for all the cases with w > −1, (a big bang singularity). it is de Sitter for w = −1. When w < −1, a big rip singularity is developed at t = ts, at which we have a (ts) = ρ (ts) = ∞.
Therefore, now there is solution only when Λ ef f > 0, for which the universe is de Sitter, and
where Λ ef f ≡ |Λ| − 6C. Case A.3.5) w < −1: In this case, there is a minimum a min for which V (a < a min ) ≥ 0. Therefore, in contrast to the previous case, now the motion of the universe is restricted to a ≥ a min . The universe starts to expand from a = a min until a (t s ) = ∞ within a finite time, whereby a big rip singularity is formed, as shown in Fig.  6 .
In this case, the potential given by Eq.(2.11) can be written as 2.36) whereC ≡ (12C/Λ) 3(1+w) . Following the case of k = 0, we also distinguish the three cases, Λ > 0, Λ = 0 and Λ < 0.
When Λ > 0, it is found convenient to further divide it into the five sub-cases defined as in Eq. (2.15) .
Case B.1.1) w > − 
As to be shown below, the solutions with Λ > Λ c have quite different properties from the ones with Λ < Λ c . Therefore, in the following we shall further distinguish the three different cases, Λ > Λ c , Λ = Λ c and Λ < Λ c . Case B.1.1.1) w > − 1 3 , Λ > Λ c : In this case, the potential V (a) is always negative for any given a, as shown in Fig. 7 . Therefore, the corresponding solutions have no turning point. If the universe initially starts to expand from a big bang singularity at a = 0, it will expand forever, as shown by Fig. 8 . However, the potential has a maximum at a = a m , for which we havë (2.39) that is, the universe is initially decelerating. Once it expands to a = a m , it starts to expand acceleratingly.
Case B.1.1.2) w > − 1 3 , Λ = Λ c : In this case, there exists a static point a m , at which we have V (a m ) = V ′ (a m ) = 0, as one can see from Fig. 7 . Therefore, if the universe starts to expand from the big bang at a = 0, it will expand until a = a m . The universe is decelerating during this period. Since at the point a = a m , we havė a = 0 =ä, the universe will become static, once it reaches this point. However, it is not stable, and with small perturbations, the universe will either collapse until a singularity is developed at a = 0 or expand forever with a(t) 
The expansion factor a(t), the accelerationä(t), and the energy density ρ(t) for k = 1, w > − 1 3 and Λ > 0, where Λc is given by Eq.(2.38). A big bang singularity occurs at a = 0 in all cases with Λ ≥ Λc. In the first sub-case of 0Λ < Λc, both big bang and big crunch singularities occur, while in the second sub-case the spacetime is free of any kind of spacetime singularities. a > 0. If the universe initially at a = a i > a m , from Fig.  7 we can see that it will expand forever. Since V ′ (a) is always negative, so the universe in this region is always accelerating.
Case B.1.
In this case, V (a) = 0 has two real and positive roots, a 1 and a 2 , as shown in Fig. 7 . Without loss of generality, we assume that a 2 > a 1 . Since V (a) > 0 for a ∈ (a 1 , a 2 ), the motion is forbidden in this region. Similar to the last case, depending on the initial conditions, the universe can have quite different evolutions. In particular, if it starts to expand from the big bang singularity at a = 0, it will expand until a = a 1 , at which we haveȧ = 0 and a < 0. Sinceä < 0 at this point, the universe will start to collapse afterwards, until a big crunch singularity is developed at a = 0. If the universe starts to expand at a i ≥ a 2 , it will expand forever. In the latter case, the universe is always accelerating, as can be seen from Fig.  7 .
Case B.1.2) w = − 1 3 : In this case, we have
Thus, depending on the value of C (ρ 0 ), the motion of the universe will be different. In particular, when C (ρ 0 ) < 1/2, there exists a minimal a min , for which V (a < a min ) > 0, that is, the motion in the region 0 < a < a min is forbidden, as shown in Fig. 9 . When C (ρ 0 ) ≥ 1/2, the universe can start to expand from the big bang singularity at a = 0. In all the cases we have V ′ (a) < 0, so that the universe is always accelerating [cf. Fig. 10 ].
Case B.1.3) −1 < w < − 1 3 : In this case, we find that V ′ (a) is strictly negative for any a ≥ 0 with V (0) = 1/2. Therefore, similar to the case w = −1/3 and C < 1/2, there exists a minimal a min , for which V (a < a min ) > 0, and the motion in the region 0 < a < a min is forbidden, as shown in Fig. 9 . Thus, in the present case the universe starts to expand from a radius a i ≥ a min until a = ∞ without turning point. Again, because now V ′ (a) < 0 for and Λ > 0.
..
ρ( t)
ρ ( and Λ > 0. A big bang singularity occurs only in the case w = −1/3 and C ≥ 1/2. In the case w < −1, a big rip singularity occurs at a = ∞.
any a ≥ a min , the universe is always accelerating. However, there is no any kind of singularities to be developed, either big bang, big crunch, or big rip, as shown by Fig.  10 .
Case B.1.4) w = −1: In this case, the potential is a simple parabola,
schematically shown by the top curve in Fig. 9 . As a result, the motion is similar to the last case, except for the fact that now ρ = ρ 0 . Case B.1.5) w < −1: In this case, we also have V ′ (a) < 0 and there exists a finite radius, a min , such that when a < a min we have V (a) > 0, and when a ≥ a min we have V (a) ≤ 0. The only difference is that in the present case there is a big rip singularity that happens at a = ∞, as now we have ρ ∝ a 3(|w|−1) , as shown in Fig. 10 . 
Λ = 0
In this case, we find that
(2.42) Fig. 11 shows the potential for various values of w, from which we can see that when w > −1/3, the motion of the universe is restricted to a ≤ a m , where a m is the solution of V (a) = 0. The universe starts to expand at the big bang singularity a = 0 until the turning point a = a m . Afterwards, it will start to collapse until a big crunch singularity is developed at a = 0, as shown in Fig. 12 .
When w = −1/3, there is motion only for C > 1/2, for which the universe expands linearly from a big bang singularity at a = 0 withä = 0.
When −1 ≤ w < −1/3, the motion is possible only for a > a min , as shown in Figs. 11 and 12 . The universe starts to expand from the initial point a i ≥ a min withä > 0. No turning point exists, so the universe will expand forever. During the whole process, the matter density remains finite, so no singularity exists in this case.
When w < −1, it can be shown that the motion for a < a min is also forbidden. As a result, no big bang singularity exists in the present case. But, a big rip singularity will be developed as a → ∞, as shown by Fig.  12 . In the whole process, we haveä > 0. The expansion factor a(t), the accelerationä(t), and the energy density ρ(t) for k = 1 and Λ = 0. There are both big bang and big crunch singularities in the case w > −1/3, while only a big bang singularity occurs in the case w = −1/3. There is no singularity in the cases with −1 ≤ w < −1/3. A big rip singularity occurs at a = ∞ for w < −1.
Λ < 0
In this case, we have 2.43) which has the properties as shown by Fig. 13 . In particular, when w > −1/3, we find that the universe starts to expand from a big bang singularity at a = 0 until a maximal radius a m where V (a m ) = 0. Afterwards, the universe starts to collapse, and finally a big crunch is developed at t = 2t m where t m is determined by a m = a (t m ).
In the whole process, the universe is decelerating, as shown by Fig. 14 . When w = −1/3, the potential is non-negative for C ≤ 1/2, so the motion is forbidden. When C > 1/2 we have V (a) < 0 for a < a m , where a m is the root of V (a) = 0, as shown in Fig. 13 . Thus, the motion now is possible in the region a < a m , for which the universe starts to expand from a big bang singularity at a = 0. Once it reaches its maximal at a m , it starts to collapse until a big crunch is developed at t = 2t m . When −1 < w < −1/3, similar to the last case, the potential is negative only for a < a m , as shown in Fig.  13 . In particular, a big bang (crunch) singularity happens at t = 0 (t = 2t m ). The difference is that now there exists a time t max so that for 0 < t < t max or 2t m − t max < t < 2t m the universe is accelerating, while during the time t m − t max < t < 2t m − t max it is decelerating, where t max is the root V ′ (t max ) = 0. When w = −1, the potential is non-positive only for C > |Λ|/6 and a ≥ a min , where a min is the root of V (a) = 0, as shown in Fig. 13 . Therefore, in this case the universe starts to expand always at an initial radius a i ≥ a min . The universe will expand forever withä > 0. However, the spacetime is not singular even when a = ∞.
When w < −1, the potential is non-positive only for a ≥ a min , where again a min is the root of V (a) = 0, as shown in Fig. 13 . The evolution of the universe in this case is similar to the last one, except for that now a big rip singularity will be developed at a = ∞. 
FIG. 14:
The expansion factor a(t), the accelerationä(t), and the energy density ρ(t) for k = 1 and Λ < 0. There are both big bang and big crunch singularities in the case with w > −1, while only a big bang singularity occurs in the case w = −1, and no singularities for the case w = −1, while there is a big rip singularity at a = ∞ for w < −1.
When k = −1, the potential is given by
To study the motion of the universe in this case, it is also found convenient to distinguish the three cases Λ > 0, Λ = 0 and Λ < 0, and in each case there are five sub-cases with different choices of w. 
Λ > 0
In this case, we find that V (a) → −∞ as a → ∞, and
when a → 0, as shown by Fig. 15 . Thus, when w < −1/3, the potential has a maximum at a m where V (a m ) = 0. The universe starts to expand from a big bang at a = 0. Initially, it is decelerating,ä < 0. However, when it expands to a m , it turns to expand acceleratingly,ä > 0, as shown in Fig. 16 . When −1 < w ≤ −1/3, the universe expands from a big bang at a = 0 until a = ∞, and there is no turning point. It expands withä > 0 in the whole process. The case of w = −1 is similar to the case of −1 < w ≤ −1/3, except that the spacetime is not singular either at a = 0 or at a = ∞, as shown in Fig.16 . When w < −1, one can see that the universe starts to expand from a = 0 withä > 0 for any given a. There is no big bang singular at a = 0, but there is a big rip singularity at a = ∞.
Λ = 0
In this case, we have The expansion factor a(t), the accelerationä(t), and the energy density ρ(t) for k = −1 and Λ > 0. There are a big bang singularity for w > −1, no singularity for w = −1, and a big rip singularity at a = ∞ for w < −1. when a ∈ [0, ∞), as shown by Fig. 17 . We also have
as a → 0, and
as a → ∞. Fig. 18 shows the motion of the universe for each given w.
Λ < 0
(2.49) The expansion factor a(t), the accelerationä(t), and the energy density ρ(t) for k = −1 and Λ = 0. There are a big bang singularity for w > −1, no singularity for w = −1, and a big rip singularity at a = ∞ for w < −1.
Depending on the vales Λ, C and w, the potential will have quite different properties. In the following we shall study all of them case by case. Case C.3.1) w > −1/3: In this case, the potential is shown schematically in Fig. 19 , from which we can see that it is non-positive only for a ≤ a m , where a m is the positive root of V (a) = 0. Clearly, in this case there is a big bang singularity at a = 0, from which the universe starts to expand until a = a m . Afterwards, it will collapse so that finally a big crunch singularity is developed at t = 2t m , at which we have a (2t m ) = 0, as shown by Fig. 20 .
Case C.3.2) w = −1/3: The potential in this case is similar to the last case, except for the fact that now V (0) = −1/2 − C, as shown in Fig. 19 . The motion of the universe is qualitatively the same as that in the last case, as shown by Fig. 20 .
Case C.3.3) −1 < w < −1/3: In this case the potential has a minimum at a = a min , as shown in Fig. 19 , for which we find thatä < 0 for a < a min , andä > 0 for a > a min , as shown by Fig. 20 . Case C.3.4) w = −1: In this case, depending on the ratio 6C/|Λ|, there are three distinguished sub-cases. When 6C/|Λ| < 1, the potential is non-positive only when a ≤ a m where a m ≡ [3/(|Λ| − 6C)] 1/2 , as shown by Fig.  21 . Then, the universe starts to expand from a = 0 until a = a m . Afterwards, it will start to collapse until a = 0 again. But in the whole process, no spacetime singularity is developed. So, the universe is oscillating between a = 0 and a = a m , as shown in Fig. 22 .
When 6C/|Λ| = 1, we find that V (a) = −1/2, and the universe expands linearly starting from a = 0. There is no turning point, and no spacetime singularity, as shown by Figs. 21 and 22.
When 6C/|Λ| > 1, we find that V (a) < −1/2 for any given a. Then, starting from a = 0, the universe expands always acceleratingly (ä > 0) until a = ∞, as shown by The expansion factor a(t), the accelerationä(t), and the energy density ρ(t) for k = −1, Λ < 0 and w > −1. There are both big bang and big crunch singularities for all the cases with w > −1.
positive root when |Λ| < |Λ c |, as shown by Fig.19 , where Λ c is the solution of the equations V (a m , Λ c ) = 0, and V ′ (a m , Λ c ) = 0. It can be shown that it is given by,
In this case, the potential is positive in the region a 1 < a < a 2 , where a 1 and a 2 are the two positive roots of V (a) = 0 with a 2 > a 1 . Therefore, the motion of the universe now is restricted to the regions 0 ≤ a ≤ a 1 and a ≥ a 2 , depending on its initial condition. If the universe starts to expand at a = 0, it will expand until its maximal radius a = a 1 , and then collapse until a = 0. In the whole process, we havë a < 0. Since at a = 0 the spacetime is not singular, so the universe will start to expand again. This process will be repeating endlessly, as shown in Fig. 24 . However, if it starts to expand at a radius a i ≥ a 2 , the universe 
FIG. 22:
The expansion factor a(t), the accelerationä(t), and the energy density ρ(t) for k = −1, Λ < 0 and w = −1. The spacetime is not singular in any of these cases.
will expand forever and never stops, as nowä > 0 for any given a ≥ a 2 . A big rip singularity will be finally developed at a = ∞, since now we have ρ → ∞, as a → ∞. . Therefore, if the universe starts to expand from a = 0, it will expand until a = a m withä < 0. Since at the point a = a m , we havė a = 0 =ä, the universe will become static at this point. However, it is not stable, and with small perturbations, the universe will either collapse until a = 0 or expand forever withä > 0. It should be noted that the spacetime is not singular at a = 0. So, if it collapses, it will start to expand again when the point a = 0 is reached. If the universe initially at a = a i > a m , from Fig. 23 we can see that it will expand forever. Since V ′ (a) is always The expansion factor a(t), the accelerationä(t), and the energy density ρ(t) for k = −1, w < −1 and Λ < 0, where Λc is given by Eq.(2.50). There are big rip singularities in all the cases, except for the first sub-cases of |Λ| > |Λc| and |Λ| = |Λc|. negative, so the universe in this case is always accelerating. A big rip singularity will be also finally developed at a = ∞. Case C.3.5.3) |Λ| < |Λ c |: In this case, the potential V (a) is always negative for any given a, as shown in Fig.  23 . Therefore, the corresponding solutions have no turning point. If the universe initially starts to expand from a = 0, it will expand forever. However, the potential has a maximum at a = a m , for which we havë a = < 0, a < a m , = 0, a = a m , > 0, a > a m , (2.51) that is, the universe is initially decelerating. Once it expands to a = a m , it starts to expand acceleratingly. Similar to the last two cases, a big rip singularity will be also finally developed at a = ∞.
III. CONCLUSIONS
In this paper, we have systematically studied the solutions of the Friedmann-Robertson-Walker (FRW) universe with a cosmological constant and a perfect fluid that has the equation of state p = wρ, where p and ρ denote, respectively, the pressure and energy density of the fluid, and w is an arbitrary real constant. Writing the motion of the universe in the form of Eq.(1.1),we have been able to classify all the solutions according to the different values of k, ρ 0 , w and Λ, by simply using the knowledge of one-dimensional motion in classical mechanics [13] , where k[= 0, ±1] denotes the curvature of the FRW 3-dimensional spatial space, ρ 0 the energy density of the matter field when a = 1, and Λ the cosmological constant. All these solutions are classified and presented in Figs. 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, and 24 . Some particular cases were already discussed in various standard textbooks, whereby some typos may be corrected.
In this paper, we have studied the FRW universe in the Einstein theory of gravity. Clearly, such studies can be easily applied to all the models where the evolution of the universe can be cast in the form of Eq.(1.1) [3] , including brane worlds in string/M theory [16] , asymmetric branes [17] , and cosmological models in the HoravaLifshitz gravity [18] .
